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Abstract
Gauge magnetic fields have a close relation to breaking time-reversal symmetry in condensed
matter. In the present of the gauge fields, we might observe nonreciprocal and topological transport.
Inspired by these, there is a growing effort to realize exotic transport phenomena in optical and
acoustic systems. However, due to charge neutrality, realizing analog magnetic flux for phonons in
nanoscale systems is still challenging in both theoretical and experimental studies. Here we propose
a novel mechanism to generate synthetic magnetic field for phonon lattice by Floquet engineering
auxiliary qubits. We find that, a longitudinal Floquet drive on the qubit will produce a resonant
coupling between two detuned acoustic cavities. Specially, the phase encoded into the longitudinal
drive can exactly be transformed into the phonon-phonon hopping. Our proposal is general and
can be realized in various types of artificial hybrid quantum systems. Moreover, by taking surface-
acoustic-wave (SAW) cavities for example, we propose how to generate synthetic magnetic flux
for phonon transport. In the present of synthetic magnetic flux, the time-reversal symmetry will
be broken, which allows to realize the circulator transport and analog Aharonov-Bohm effects for
acoustic waves. Last, we demonstrate that our proposal can be scaled to simulate topological states
of matter in quantum acoustodynamics system.
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I. INTRODUCTION
A moving electron can feel a magnetic field, and due to the path-dependent phases,
many exotic transport phenomena, including the Aharonov-Bohm (AB) effect, matter-wave
interference and chiral propagation, can be observed in experiments [1–3]. In topological
matters, an external magnetic field is often used to break time reversal symmetry (TRS)
of the whole system. For example, in the present of magnetic fields, the integer quantum
Hall effect allows to observe topologically protected unidirectionally transport around the
edge [4–6]. In photonic and phononic systems, mimicking the dynamics of charged particles
allows to observe the phenomena of topological matters and realizing quantum simulations
of strongly correlated systems [7–9]. By breaking TRS, the chiral and helical transports
for classical acoustic waves were already demonstrated in macroscopic meta-material setups
such as coupled spring systems and circulating fluids [9–13].
However, due to the charge neutrality, phonons or photons, cannot acquire the vector-
potential induced phase (analog to Peierls phases) effectively [14, 15]. To this end, one
needs to create analog magnetic fields via specific control methods. Much efforts have been
devoted into realizing synthetic magnetism for neutral particles, in the artificial quantum
systems [7, 16–21]. These include exploring topological photonics and phononics in circuit-
QED-based photon lattices, optomechanical arrays and microwave cavity systems [15, 22–
26]. For example, as discussed in Ref. [17, 27], one can artificially generate synthetic mag-
netism for photons in an optomechanical systems via site-dependent modulated laser fields.
In recent years, manipulating acoustic waves at a single-phonon level has drawn a lot
of attention [28], and the quantum acoustodynamics (QAD) based on piezoelectric surface
acoustic waves (SAW) has emerged as a versatile platform to explore quantum features of
acoustic waves [29–36]. Unlike localized mechanical oscillations [37–39], the piezoelectric
surface is much larger compared with the acoustic wavelength. Therefore, the phonons are
itinerant on the material surface and in the form of propagating waves [31]. To control
the quantized motions effectively, the SAW cavities are often combined with other sys-
tems, for example, with superconducting qubits or color centers, to form as hybrid quantum
systems [40]. Analog to quantum controls with photons, many acoustic devices, such as
circulators, switches and routers, are also needed for generating, controlling, and detecting
SAW phonons in QAD experiment [10, 35, 41–47]. However, it is still challenging to realize
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these nonreciprocal acoustic quantum devices in the artificial nano- and micro-scale SAW
systems [27, 48].
By applying an external time periodic drive on a static system, the effective Hamiltonian
of the whole system for the longtime evolution can be tailed freely, which allows to observe
topological band properties. This approach is referred as Floquet engineering [49–51], and
has been exploited to simulate the topological toy models such as Haldane and Harper-
Hofstadter lattices in artificial systems [21]. Inspired by these studies, we propose a novel
method to realize synthetic magnetism in the phonon systems by Floquet engineering qubits
coupled to phonons. Different from previous methods based on optomechanical systems [15,
20, 27], we find that the Floquet driving can be effectively realized in an opposite way,
i.e, via the unconventional cavity optomechanics (UOM) discussed in Ref. [52], where the
mechanical frequency is effectively modulated by an electromagnetic field via an auxiliary
qubit. We find that, the phase of the longitudinal drive on the qubit, can be effective
encoded into the phonon transport between two SAW cavities. Consequently, considering
a SAW-based phonon lattice with closed loops, the phonons can feel a synthetic magnetic
flux and behave as charged particles.
In our discussions, we take the SAW-based phonon lattice as an example. However, the
proposed method to generate synthetic magnetism is general and can be applied to other
artificial quantum systems, for realizing nonreciprocal control of phonons, or even photons.
We show that, the TRS will be broken by tuning the synthetic magnetism flux of a loop in
the lattice, and it is possible to realize a phonon circulator and simulate Aharonov-Bohm
effect in an acoustic system. Additionally, our findings might pave another way to simulate
the topological models by breaking TRS for charge neutral polaritons.
II. QUBIT-INTERMEDIATED SAW-CAVITY COUPLING
We start our discussions by considering two coupled mechanical modes. The coupling can
be direct, or intermediated by auxiliary element such as qubit or photon cavities. For exam-
ple, as shown in Fig. 1, we assume that two SAW cavities (confined by two phonon Bragg
mirrors), are coupled to a same superconducting transmon (or charge) qubit located at the
cross section [53–56]. The couplings are mediated by capacitances of the interdigitated-
transducer (IDTs) type [30, 33]. In our discussions, the qubit (noted as c-qubit) is employed
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for realizing a tunable couplings between two acoustic modes. The acoustic motions on piezo-
electric crystal surface will produce phonon-induced oscillating voltages on the interdigitated
capacitances Ci [30, 31]. Note that the frequency separations between the discrete acoustic
modes are much narrower than those in the optical cavities, which might be one obstacle for
single-mode quantum control [32]. In experiments, one can effectively select one resonant
mode coupled to the qubit by: (i) designing the Bragg mirror to achieve high reflection for
a narrow bands [33], (ii) controlling positions of the IDT electrodes, and (iii) setting the
space periodicity of IDT capacitance the same with the coupled SAW modes [31, 57]. Those
methods allow to select a single SAW mode to couple with the superconducting qubit, and
the qunatum control and measurement of a single acoustic phonon has been experimentally
realized [31, 33, 57, 58]. Consequently, the Hamiltonian for the system in Fig. 1 reads
H12 =
ωqc
2
σzc +
∑
i=1,2
ωmib
†
ibi +
∑
i=1,2
gi(σ
+
c bi + σ
−
c b
†
i ), (1)
where and bi and (b
†
i ) is the annihilation (creation) operators of ith SAW cavity, respectively;
σzc = |ec〉〈ec|−|gc〉〈gc| and σxc = |ec〉〈gc|+|gc〉〈ec| are the qubit Pauli operators, where |gc〉 and
|ec〉 are the ground and excited states of the c-qubit with ωqc being the transition frequency.
We assume that the two cavities are of large detuning with the c-qubit (in the dispersive
coupling regime) [36, 57], and therefore, one can eliminate the qubit degree of freedom by
assuming the c-qubit approximately in its ground state with σzc ' −1. In experiments the
induced dispersive coupling between a qubit and SAW mode has been observed [31, 36].
Consequently, we obtain an effecitve SAW cavity coupling terms as [59]
Hc12(t) = g12(b
†
1b2e
iδ′12t + H.c.). g12 =
∑
i=1,2
g1g2
∆i
, (2)
where ∆i = ωqc−ωmi is the qubit-SAW detuning, and we have assumed that the two acoustic
mode are slightly detuned with δ′12 = ωm1 − ωm2  ∆i.
III. GENERATING SYNTHETIC MAGNETISM FOR PHONONS
To encode a phase factor into the phonon transport between SAW cavities, we consider
SAW cavity 1 is coupled to another p-qubit (the transition frequency being ωp) with strength
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FIG. 1. The hopping model of two surface acoustic wave (SAW) cavities for generating synthetic
magnetisms via Floquet engineering: the SAW cavity 1 (grey) and 2 (green) are mediated via a
superconducting qubit (defined as c-qubit) located at their cross section. The qubit-SAW coupling
is mediated via the capacitances C1,2 of interdigitated-transducer (IDT) type (via the piezoelectric
effect). To realize time-dependent Floquet engineering, the cavity 1 is dispersively coupled with
another qubit (noted as p-qubit) via capacitance Cp. The p-qubit is longitudinally driven by a
classical electromagnetic field, which will effectively change the resonant frequency of the phonon
cavity 1 periodically.
gp. The p-qubit is longitudinally driven by an external field [60–64], i.e.,
Hd = −Ωp
2
σzp cos(ωdt+ φ),
with φ being the relative phase. In the rotating frame at the frequency ω1, the Hamiltonian
for the Floquet engineering process reads
Hp(t) = −∆p
2
σzp + gp(σ
−
p b
†
1 + σ
+
p b1)−
Ωp
2
σzp cos(ωdt+ φ). (3)
where ∆p is the detuning between the p-qubit and cavity 1. In the limit Ωp → 0 and
∆p  gp, Hp results in a standard dispersive coupling [56]
Hdis = −χ0σzpb†1b1, χ0 =
g2p
∆p
, (4)
where χ0 is the dispersive coupling strength. Next we consider Ωp is of nonzero value. The
longitudinal drive Hd can be viewed as modulating the detuning time-dependently, i.e.,
∆p −→ ∆p(t) = ∆p + Ωp cos(ωdt+ φ). (5)
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During the modulation process, we assume that the system is always in the dispersive regime,
which requires
|∆p(t)|  gp. (6)
Similar to the discussions of UOM mechanisms in Ref. [52], one can replace the constant
dispersive coupling as a time-dependent form, i.e., χ0 → χ(t). Since the coupling is always of
large detuning, the phonon cannot excite the qubit effectively. We assume that the p-qubit
is approximately in its initial ground state, i.e., σzp ' −1, Therefore, the dispersive coupling
in Eq. (4) can be viewed as a periodic modulation of the SAW cavity frequency, i.e.,
Hdis(t) = χ(t)b
†
1b1, χ(t) =
g2p
∆p + Ωp cos(ωdt+ φ)
, (7)
which is a time-periodic Hamiltonian and satisfies
Hdis(t) = Hdis(t+ T ), T =
2pi
ωd
. (8)
As discussed in Ref. [65], a suitable time-periodic drive will lead an effective Hamiltonian,
which alters the long-time dynamics significantly. This Floquet engineering method requires
to obtain the frequency information of time-periodic drive first. The Hamiltonian Hdis(t) is
nonlinear when the parameter λ = Ωp/∆p derives from zero significantly. We expand χ(t)
in the Fourier form:
χ(t) = χ0
[
ξc,0
2
+
∞∑
n=1
ξn cos(nωdt+ φn)
]
, (9a)
ξn =
√
ξ2c,n + ξ
2
s,n, φn = − arctan
ξs,n
ξc,n
, (9b)
where ξn (φn) is the amplitude (phase) of n-th order frequency component, and ξc(s),n is
defined as
ξc,n =
ωd
pi
∫ pi/ωd
−pi/ωd
cos(nωdt)
1 + λ cos(ωdt+ φ)
dt, (10a)
ξs,n =
ωd
pi
∫ pi/ωd
−pi/ωd
sin(nωdt)
1 + λ cos(ωdt+ φ)
dt. (10b)
In the limit λ → 0, χ(t) can be written in the Taylor expansion form (to the first-oder),
and then
ξc,0
2
' 1, ξ1 ' −λ, φ1 = φ. (11)
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FIG. 2. (a) The amplitude ξ1,2 and phase φ1 for the zero- and first-order frequency components
change with the dimensionless parameter λ. The dashed horizon line corresponds to the the Taylor
expansion results. We find that the amplitudes ξ1,2(λ) are highly nonlinear functions of large λ.
While the phase of the first-order φ1 is always equal to φ (encoded into the Floquet engineering
of the p-qubit). (b) The relative amplitude ratios ξ2/ξ1 and ξ3/ξ1 change with the longitudinal
drive-detuning ratio λ. The insets displays the amplitudes changing with the Fourier orders at
λ = 0.5 (the dashed line position).
In Fig. 2(a), we numerically plot ξ0/2, |ξ1/λ| and φ1/φ versus λ, respectively. The dashed
horizontal line is at ξ0/2 = |ξ1/λ| = φ1/φ = 1, which corresponds to the Taylor expansion
results. We find that, both ξ0(λ) and ξ1(λ) are nonlinear functions of λ, and shift from
Taylor expansion results significantly. However, the phase relation φ1 = φ is always valid.
In fact, one can easily verify that φn/n = φ for arbitrary nth order, which indicates that the
phase information encoded in the longitudinal drive is exactly kept even for large λ. This
point is very important to control the synthetic magnetism in the acoustic loop, which will
be discussed in detail in the following discussion.
In Fig. 2(b), we plot the relative amplitudes ξ2,3/ξ1 changes with λ. We find that, although
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ξ2,3/ξ1 increase with λ, ξ2,3/ξ1 < 1 is always valid even with a large λ. In the inset plot, we
plot ξn changing with n by adopting λ = 0.5, and find that ξn will decrease quickly with
increasing the Fourier harmonic order n. Note that the zero-order component, ξc,0/2, will
produce a frequency shift of the frequency of the acoustic mode.
In our discussion, we do not require λ to be very small. However, λ cannot be too close to
one, since the dispersive condition in Eq. (6) will not be valid. Additionally, the high-order
frequency components might also produce observable effects. For 0 < λ < 1, the effective
Hamiltonian is taken in the form
H
(0)
12 (t) = Hc12(t) +Hdis(t)
= g12(b
†
1b2e
iδ12t + b†2b1e
−iδ12t)
+χ0
∞∑
n=1
ξn cos(nωdt+ nφ)b
†
1b1, (12)
where
δ12 = δ
′
12 +
χ0
2
ξc,0 (13)
is the renormalized frequency detuning. The Floquet amplitudes satisfy ξn+1  ξn. The
last part in H
(0)
12 (t) is periodic. As discussed in Refs. [49, 65], if considering the evolution
time scale is much longer than (ωd)
−1, we can apply the unitary transformation to obtain
the effective Hamiltonian
|ψs〉 = U(t)|ψ0s〉, (14a)
H12(t) = U(t)Hc12(t)U
†(t), U(t) =
∏
n
Rn(t), (14b)
where |ψ0s〉 (|ψs〉) is original (transformed) state of the system, and Rn(t) is the unitary
rotation operator for nth order:
Rn(t) = exp
[
iKnb
†
1b1 sin(nωdt+ φn)
]
,
=
k=∞∑
k=−∞
Jk(Knb†1b1)eik(nωdt+φn), (15)
where Jk is the kth-order Bessel function of the first kind, and the dimensionless parameter
Kn =
χ0ξn
nωd
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depends on n [49, 50]. In our discussion, we set the χ0/ωd < 1. As shown in Fig. 2(b), given
that λ < 1, one finds that ξn < 1 and ξn  ξn−1. Therefore, for n ≤ 1, it is reasonable to
assume that
K1  1, Kn  Kn−1. (16)
Moreover, we set the detuning between two cavities is around the first-order frequency,
i.e., |δ12| ' ωd. All the higher order frequency components (n > 2), are not only of weak
strengths ( Kn  1), but also of large detunings. Therefore, we only consider the first-oder
unitary rotation R1(t), i.e.,
U(t) ' R1(t) =
k=∞∑
k=−∞
J1(K1b†1b1)eik(ωdt+φ). (17)
In the long-time limit t  1/ωd, the Floquet-engineered effective Hamiltonian H12(t) is
approximately written as
H12(t) w g12
[
R1(t)b†1b2R†1(t)eiδ12t + H.c.
]
. (18)
For a small parameter K1 < 1, by employing the properties of the Bessel functions [49, 50]
J1(K1b†1b1) = −J−1(K1b†1b1) w
K1b
†
1b1
2
,
we obtain
R1(t) w 1 + iK1b†1b1 sin(ωdt+ φ), (19)
Now we consider the resonant modulation case with ωd = −δ12, and obtain the following
effective Hamiltonian
Heff12 = J12e
iφb†1b2 + H.c., J12 =
g12K1
2
. (20)
where we find that the relative phase φ is successfully encoded into the coupling between
cavity 1 and 2. Note that by choosing the opposite detuning relation ωd = δ12, the encoded
phase becomes −φ.
To verify the validation of the above discussions, in the following we numerically compare
the time-dependent evolution between the engineered effective Hamiltonian in Eq. (20) with
the original Hamiltonian
Hs(t) = Hc12(t) +Hp(t). (21)
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FIG. 3. The Rabi oscillations of a single phonon state between two acoustic cavities described by
the original HamiltonianHs(t) (solid oscillating curves) and the Floquet-engineered effective Hamil-
tonian Heff12 . Note that Pi (i = 1, 2) represents one phonon being ith cavity. The blue oscillating
curves denote the probability of the qubit being its excited states. Parameters: ∆p/(2pi) = 0.6 GHz,
g12/(2pi) = 1 MHz, Ωd/(2pi) = 150 MHz and λ = 0.5.
In experiments, various methods are employed to enhance the coupling between the SAW
modes and superconducting qubits. For example, choosing a strong piezoelectric mate-
rial will increase the coupling significantly [40]. As discussed in Refs. [30–32], we assume
gp/(2pi) = 60 MHz. By setting ∆p/(2pi) = 0.6 GHz, g12/(2pi) = 1 MHz, ωd/(2pi) = 15 MHz
and λ = 0.5 (corresponding the dashed line position in Fig. 2), one finds that K1 ' 0.25,
and the effective hoping rate J12 is about J12/(2pi) = 0.12 MHz.
We define the states of one phonon being in the ith cavity as |ψi〉 = b†i |0〉, where |0〉 is the
vacuum state of the system. Employing the above parameters and defining the probabilities
Pi = |〈Ψ12(t)|ψi(t)〉|2, we plot the evolutions of P1,2 in Fig. 3, in which the solid curves
and symbol curves are governed by the original Hamiltonian Hs(t) (solid oscillating curves)
and the Floquet-engineered effective Hamiltonian Heff12 (curves with symbols), respectively.
We find that, with a period drive on the qubit longitudinal freedom, the two detuned SAW
cavities effectively couple together on resonance. Moreover, we plot the probability Pe of
the qubit being its excited states, and find that Pe  1, indicating that the qubit is hardly
excited. Therefore, our Floquet analysis in Eq. (7) by setting σp ' −1 is valid. The phase
φ encoded by the longitudinal drive can not be observed in this two-cavity system. In
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the following, we will demonstrate its effect in phonon-cavity lattice with closed loops, and
show how to realize exotic quantum controls of phonons based on the interference effects by
breaking time-reversal symmetry of the lattice.
IV. CHIRAL GROUND STATE AND PHONON CIRCULATOR
FIG. 4. (a) The schematic diagram to realize chiral ground state and phonon circulator in a
three-SAW-cavity loop. The couplings between different cavities are mediated by c-qubit. For
simplification, we assume cavity 1 (blue) and 2 (green) are on resonant, and they are of the same
detuning with cavity 3 (red). The Floquet drivings are applied though two p-qubits (located in
cavity 1 and 2, respectively), where the hopping phase φ13 (φ23) between cavity 3 and 1 (2) is
generated via the methods described in Sec. III. (b) The generated synthetic magnetism ΦB =
φ12 + φ23 + φ31 (φ12 = 0) in the three-SAW-cavity loop via Floquet engineering.
To observe the effects of breaking TRS in a coupled SAW cavity systems, we first con-
sider the simplest three-site system forming as a closed loop depicted in Fig. 4: the SAW
cavities are mediated via the c-qubits. For simplification, we assume that cavity 1 and 2
are resonantly coupled (δ12 = 0), while of the same detuning with cavity 3, i.e., δ13 = δ23.
Moreover, two p-qubits are placed into cavity 1 and 2 separately, which are employed to
induce the required cavity frequency modulations. The phases φ13 (φ23) is encoded into the
longitude drives of p-qubit 1 (2). As discusses in Sec. III, the longitudinal dirive on the qubit
will effectively modulate the cavity frequencies periodically, and it is reasonable to consider
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only first-order frequency component. Consequently, the system Hamiltonian is written as
H3R(t) =
∑
i 6=j
gij(b
†
ibje
iδijt + H.c.)
+
∑
i=1,2
Kiωd cos(ωdt+ φi3)b
†
ibi, (22)
As shown in Eq. (13), the frequency detunings already include zero-order components of the
Floquet engineering in Eq. (9a). By setting δ13 = δ23 = ωd, the above Hamiltonian allows
us to add the relative phase φ13 and φ23 into the coupling terms. Since cavity 1 and 2 are
resonant with δ12 = 0, we set φ12 = 0. As discussed in previous sections, in the long time
limit t (δ13)−1, Eq. (22) results in an effective Floquet Hamiltonian
Heff3R =
∑
i 6=j
(Jije
iφijb†ibj + H.c.), J12 = g12, Ji3 =
gi3Ki
2
, i = 1, 2. (23)
FIG. 5. (a) Time evolutions for single-phonon states in three SAW cavities. Since TRS is broken,
for ΦB = pi/2, the single phonon will circulate along the counter-clockwise direction in the sequence
...1 (blue) → 2 (green) → 3 (red) → 1 (blue).... (b) corresponds to the opposite case with ΦB =
−pi/2, and the single phonon will circulate in the opposite direction to (a). (c) Phonon circulator
behavior changes with pump frequency detuning δd. We assume that the input the acoustic signal
from the IDT in cavity 1 (blue curve) for ΦB = pi/2. Around δd = 0, most of output signal power
is routed output channel of cavity 2 (green) along the counter-clockwise direction.
Similar to a charged particle moving on a lattice, the phonon can also accumulate anal-
ogous Peierls phase φij =
∫ j
i
Adr [66], where A is the synthetic vector potential [17, 21].
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Therefore, in a closed loop C, the sum
∑
C φij is equal to the synthetic magnetic flux ΦB
through the loop. In our proposal, the synthetic magnetic flux can be conveniently tuned
by the phase of p-qubit longitudinal drives.
Once the phase information is encoded into the closed loop of a SAW lattice, the dynamics
of the whole system will change dramatically [18]. We first discuss the situation of breaking
TRS of the Hamiltonian. Since the phonon number states should be time-reversal invariant,
we require the annihilation operator bi satisfies the following equation [67]
ΘbiΘ
−1 = eiϑibi, (24)
where Θ is the time-reversal operator, which is antilinear and antiunitary. After performing
time-reversal transformation, the operator bi acquires a phase ϑi. Given that
ΘHeff3RΘ
−1 = Heff3R (25)
is valid, the effective Hamiltonian is time-reversal invariant, which requires the sum of the
coupling phase along a closed path satisfies [67]
ΦB =
∑
C
φij = Zpi. (26)
Otherwise, the TRS of the system will be broken, and one may observe acoustic chiral
transport. For simplification, we set the hopping rates identically as Jij = J . It can be
proved that, for arbitrary φij, the following gauge transformation [67]
ΘbiΘ
−1 = eiϑibi, ϑi = (1)i(
ΦB
3
− φ3i), i = 1, 2 (27)
will transfer the Hamiltonian in Eq. (23) with one phase factor φc = ΦB/3, i.e.,
Heff3R = Je
φc(b†1b2 + b
†
2b3 + b
†
3b1 + H.c.). (28)
Therefore, only ΦB can produce observable physical effects. In Fig. 5(a, b), by assuming
φc = ±pi/6 ( i.e., ΦB = ±pi/2), we plot the probabilities Pi of the single photon being in
the ith cavity changing with time. The initial state is assumed to be one phonon in cavity
1. In Fig. 5(a), we clearly find that, for ΦB = pi/2, the single phonon will propagate in the
circular order
...1 (blue)→ 2 (green)→ 3 (red)→ 1 (blue)...
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Therefore, the acoustic energy will propagate along the counter-clockwise direction. The
clockwise direction is forbidden for ΦB = pi/2, but allowed for the opposite flux ΦB = −pi/2,
which is shown in Fig. 5(b). Therefore, The chiral transfer of the single phonon indicates
that the synthetic flux ΦB can be employed for realizing phonon circulator.
Analog to a photon circulator [67], a phonon circulator is an acoustic element with three
or more ports [43, 68], and will transport clockwise (or counterclockwise) the input in the
jth port as the output in the (j ± 1)th port. As shown in Fig. 5(a), for SAW experimental
implementations, the acoustic in/out- port are usually made of IDTs, which can convert
the electromagnetic signals into the acoustic signals, and vice versa. We assume the input
field operator for the jth cavity is cin,j. In the rotating frame of the input frequency, the
interaction between the input field and the system reads [69, 70]
Hin = i
√
κ
3∑
j=1
(c†in,jbj − cin,jb†j) (29)
where κ is the phonon escaping rate into the input/output channels. Defining the detun-
ing between the input pump field and the cavity 1 as δd, the Heisenberg equation of the
intracavity operator is
B˙(t) = −iJΓB(t)− (iδd + κ
2
)B(t)−√κCin, (30)
where B = [b1, b2, b3]
T and Cin = [cin,1, cin,2, cin,3]
T are the intracavity and input field operator
vectors, and Γ is the coupling matrix:
Γ =

0 eiφc e−iφc
e−iφc 0 eiφc
eiφc e−iφc 0
 , (31)
The above linear equation can be easily solved in the frequency domain, and the solution
reads
B(ω) =
−√κ
i(ω + δd) + iJΓ +
κ
2
Cin. (32)
The output can be obtained via the input-output relation cout,i =
√
κbi(t) + cin,i [69, 70].
Specifically, we pay attention to the transmission relation when the system reaches its steady
state with t → ∞ (corresponding to ω = 0). Under these conditions, the output field is
written as
Cout = S(δd)Cin, S(δd = 0) =
iδd + iJΓ− κ2
iδd + iJΓ +
κ
2
, (33)
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where S(δd) is the scattering matrix for the phonon circulator. For an ideal circulator, we
require
|S(δd = 0)| =

0 0 1
1 0 0
0 1 0
 , (34)
which describes the phonon flux injected into a port will be transferred into next one circu-
larly [10, 56]. It can be proved that, only under the conditions φc = pi/6 and J = κ/2, the
scattering matrix is equal to the ideal circulator matrix in Eq. (34). Assuming that only
cavity 1 is injected with an input field, i.e., Cin = [cin,1, 0, 0]
T , we numerically obtained the
transmission rate governed by original Hamiltonian in Eq. (22). In Fig. 5(c), we plot the
transmission rate Ti = |cout,i/cin,1|2 for i = 1, 2, 3 (corresponding to curves with symbols).
The analytical results [given by Eq. (33)] are shown with solid curves. it can be clearly
found that, at δd = 0, the injected phonon flux of cavity 1 is effectively circulated into the
output port 2, with little power leaking into the other two channels. Therefore, by driving
the coupled p-qubits, one can effectively realize a phonon circulator by generating synthetic
magnetic flux in an acoustic system.
V. SIMULATING ACOUSTIC AHARONOV-BOHM EFFECTS
In the experimental demonstration of the AB effect, an electron beam is split into two
paths (denoted as C1,2). According to the interaction Hamiltonian describing electron mov-
ing in an electromagnetic field, in addition to the standard propagation phase, the electron
in two paths will acquire phases for different paths due to the magnetic field:
φ˜i = − e~
∫
Ci
Adl, i = 1, 2. (35)
It should be noted that ∆φ˜i has a gauge-dependent form. However, for a closed loop, the
phase difference
∆φ˜ = φ˜1 − φ˜2 = ΦB (36)
is gauge invariant, and always equals to the magnetic flux through the loop, which can
produce observable effects.
Since acoustic phonons are neutral particles with e = 0, they cannot feel the existence
of the magnetic field. However, as discussed in previous sections, one can realize artificial
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FIG. 6. (a) The schematic diagram to observe the acoustic Aharonov-Bohm effects in a four-SAW-
cavity acoustic loop: the acoustic wave transport from site 1 to 2 (blue), are composed by two
“paths”, which are through cavity 2 or 3, respectively. The IDT in cavity 1 and 4 are the acoustic
source and detector, respectively. The propagating phonons will feel the existence of the synthetic
flux ΦB. (b) The synthetic magnetism in the acoustic loop, ΦB = 2(φ1 + φ2), are generated by
Floquet engineering the p-qubit in cavity 1 and 4 simultaneously. (c) The energy detuning relations
between the four cavities: cavity 1 and 4 are on resonance, while 2 and 3 are detuned with them
of amount ∆AB and −∆AB, respectively.
magnetism via the qubit-assisted Floquet engineering. To simulate the analogous AB effects
for acoustic waves, we propose a simple four-site lattice model in Fig. 6: two resonant
acoustic cavities 1 and 4 (blue ones), are hopped with cavity 2 and 3 and forming a closed
loop. Resonators (2 and 3) are detuned with 1 and 4 with freuqency ∆AB and −∆AB,
respectively [as depicted in Fig. 6(c)].
In this case, cavity 1 and 4 are parametrically driven by the p-qubits at frequency ∆AB
with relative phases φ˜1 and φ˜4, respectively. The Floquet Hamiltonian is written as
HAB(t) =
∑
i=2,3
∑
j=1,4
gij(b
†
ibje
iδijt + H.c.)
+
∑
j=1,4
Kj∆AB cos(∆ABt+ φj)b
†
jbj, (37)
where δ31 = −δ21 = ∆AB and δ34 = −δ24 = ∆AB. As discussed in Sec. II, due to the opposite
detuning relations, the hopping phases between 1 (4) and 2, are of the opposite signs with
1(4) and 3, which is as shown in Fig. 6(b). Assuming gij = g, Ki = K and J ' gK/2, the
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FIG. 7. (a) The interference patten of the acoustic Aharonov-Bohm (AB) effects by changing the
synthetic magnetism ΦB in Fig. 6. The blue (red) curve adopts “path” decay rate as κp = 0.1κ
(κp = κ), respectively. The solid (symbol) curve corresponds to the analytical (numerical) results.
(b) The amplitudes of the constructive interference peaks in acoustic AB effects changes with the
“path” decay rate κp.
effective Hamiltonian reads
HeffAB =
∑
j=1,4
J [bj(b
†
2e
iφj + b†3e
−iφj) + H.c.]. (38)
Therefore, there will be two paths for a phonon transferring from cavity 1 to 4, i.e., either
1→ 3→ 4 or 1→ 2→ 4. The whole hybrid system in Fig. 6(a) can be viewed as a discrete
proposal for simulating phonon AB effect. Analog to an electron moving in the continuous
space, the synthetic magnetism ΦB = 2(φ˜1 + φ˜4) affecting on acoustic waves (marked with
green and red arrows in Fig. 6, respectively) will also produce observable interference effects.
The decoherences κ2,3 = κp of cavity 2 and 3, can be viewed as the noise in the propagating
paths, which will keep on “kicking” on the itinerant phonons and leading to the dephasing
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of the phonons.
We assume that the cavity 1 is resonantly driven via a coherent input field cin,1. We set
the hopping between each site of the same strength J . Similar with the discussions of a
phonon circulator in Sec. III, the transmission rate can be solved via the following equation
in the frequency domain
Cout =
2iJΓAB −K
2iJΓAB + K
Cin, (39)
where Cout(in) is the output (input) field operator vector of the four sites, and the coupling
and decoherence matrices are written as
ΓAB =

0 eiφ˜1 e−iφ˜1 0
e−iφ˜1 0 0 eiφ˜4
eiφ˜1 0 0 e−iφ˜4
0 e−iφ˜4 eiφ˜4 0
 , (40)
K = diag [κ1, κ2, κ3, κ4] . (41)
The interference patterns versus the flux ΦB for different path loss κp are shown in Fig. 7,
where we have assumed κ1,2 = κ. One can find that, when ΦB = npi (n is an odd integer),
the two transmission paths are destructive, and there is no phonon collected by the output
port of cavity 4. At ΦB/pi = 2npi, the interference becomes constructive, resulting in the
largest phonon output. Moreover, as shown in Fig. 7(b), the highest transmission rate will
decrease due to the increase of the path loss κp, and the width of the interference patten
will also be enlarged. In such a way, the electron AB effect can be effectively reproduced in
an acoustic system.
VI. OUTLOOKS AND DISCUSSIONS
In the present of a magnetic field, the two-dimensional electron gas has equally spaced
landau level. The discrete lattice version of the landau-level is the Hofstadter model [21, 71].
Assuming the he Landau gauge along the y direction and the vector potential as A =
(0, xφ, 0), the Hamiltonian of this tight-binding model with a squire lattice is
HHof =
∑
x,y
(−teiyφa†x+1,yax,y + t′a†x,yax,y+1 + H.c.), (42)
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FIG. 8. (a) The schematic diagram to simulate Hofstadter ladder in a SAW-cavity-based lattice.
The acoustic gauge field is generated via the Floquet driving between the neighbor sites in each
leg. the p-qubit is placed in the even-numbered SAW-cavity. The chain of grey (blue) cavity plays
the role of the upper (lower) leg of the Hofstadter ladder. (b) The Hofstadter ladder model for
(a). The red (green) p-qubit in j-th cavity for the upper (lower) leg will induce a hopping phase φ
(−φ), which results in an acoustic synthetic magnetism ΦB = 2φ in each square lattice.
where t (t′) is the hopping strength along (vertical to) the Landau gauge direction. The
interaction Hamiltonian Hhof describes a non-zero magnetic flux per plaquette of the lattice.
The paths interference of charged particles will lead to a fractal energy spectrum as a function
of φ, which is well known as the Hofstadter butterfly [72]. This model exhibits a rich
structure of topological invariant depending on φ. Due to this, the quantum simulation of
the Hofstadter model has been extensively studied both theoretically and experimentally [73–
75].
According to Refs. [76, 77], one ladder of the Hofstadter model [i.e., by setting y = 1, 2
in Eq. (42)] can realize effective spin-orbit coupling, and can approximately reproduce the
energy spectrum of the chiral edge states of the two-dimensional model. In Fig. 8, based on
previous discussions, we present a proposal to realize one ladder of the Hofstadter model in
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phonon-based lattice: The gray (ai) and blue (bi) acoustic cavities in Fig. 8(a) correspond
to the upper and lower legs in Fig. 8(b), respectively. The coupling between ai and bi are
assumed resonantly mediated by the c-qubits with strength t. As shown in Fig. 8(b), the
detuning between site i and i+ 1 is of the same amount, which is similar to Wannier-Stark
ladders in the quantum simulations based on ultracold atoms in optical lattices [50, 78, 79].
In the upper (lower) leg, the p-qubit is assumed to be placed in the even site j for Floquet
engineering with phase φ+ ( φ−), where we have assumed each p-qubit is encoded with the
same phase. For simplification, we set φ+ = −φ− = φ. As discussed in Sec. II, the hopping
from site j − 1→ j and j → j + 1 will be encoded with the same phase. We can write the
Hamiltonian for the ladders as
Hlad =
∑
i
(t′eiφa†i+1ai + t
′e−iφb†i+1bi + Ja
†
ibi) + H.c., (43)
where we have assumed the coupling strength t′ in each ladder leg are the same. As discussed
in Ref. [76], employing the Hamiltonian in Eq. (43), we can simulate the chiral edge states
two-dimensional Hofstadter model in a phonon-based lattice system.
VII. CONCLUSIONS
We propose a novel method to generate synthetic magnetisms for phonons via quantum
control a coupled qubit. We find that, by applying a longitudinal driving on the qubit, the
frequency of the mechanical mode will be periodically modulated. The Floquet engineering
on the qubit can tailor the detuned phonon-phonon coupling as a resonant interaction. By
analyzing the frequency components of the modulation, we find that the phase encoded into
the longitudinal drive can be exactly transferred into the two-cavity hopping, which allows
to create synthetic magnetism for phonons in nanoscale platforms. In our discussions, we
take the SAW cavities for the example. However, this proposed mechanism is general, and
can be applied to various types of nano- or micro-scale hybrid quantum systems involving
photons and even other neutral polaritons.
The time-reversal symmetry in phonon lattice can be conveniently controlled by the gen-
erated synthetic magnetism flux. Based on this mechanism, we propose a method to realize
the phonon circulators in acoustic systems. Moreover, we show how to observe the acoustic
Aharonov-Bohm effects. In experiments, our proposal might be extended with a large scale,
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and allows to simulate some phenomena of topological matters. We hope more potential ap-
plications can be found with our proposed method, include realizing nonreciprocal acoustic
quantum devices and topological quantum simulations in phononic systems.
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